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Abstract. In a framework of a stationary universe, time is defined as a local and 
quantum-mechanical notion in the sense that it is defined for each local and quantum- 
mechanical system consisting of a finite number of particles. In this context, the total 
universe consisting of an infinite number of particles has no time associated, and quantum 
mechanics and general theory of relativity are united consistently. Relativistic Hamilto- 
nians including gravitation are derived as a consequence of our treatment of observation. 
Related open problems in mathematical physics are presented. 



Introduction 

Physics is a work to explain phenomena, i.e. a job to give a description of visible events. 
Insofar as we understand physics as such activities, it is neither surprise nor ridiculous 
thing if one takes other ways in explaining phenomena than the present physics: The 
problem of combining relativity and quantum theories, which has been an old and 
difficult one, might be able to be considered from a different viewpoint than the present 
trends where relativity theory is tried to be quantized or quantum mechanics is tried 
to be modified relativistically. It is enough if one can explain relativistic quantum- 
mechanical phenomena or observations of them, in a systematic way. The purpose of 
the present paper is to give an attempt in this direction to explain relativistic quantum- 
mechanical phenomena. To make clear the contrast of our approach to the current 
physics, we briefly review the problems of physics in relation with relativity and quantum 
theories. 

As is well-known, the solution -0 = i/jit) = i/j^x^t) {x G M.^^) of the Schrodinger 
equation for A^(> 1) particles, numbered as i = 1,2, ■ ■ ■ , N, with positions X£ = 
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{xii,Xi2,X£3) G and masses > 0: 



N 3 ^ (S) 
^=1 fe=l l<i<j<N 

is invariant with respect to the Gahlei transformation: 

x'f = Xi-vt, (£= 1,2, ••• ,7V) 



up to a factor of absolute value 1: 



exp 



consistently with Born's interpretation ([Bo]). Here we adopted the unit system such 
that h = = 1; V = (vi,V2iVs) e M.^ denotes the velocity between two inertial frames 

of reference; and v -xe = Ylk=i '^kXe.k is the inner product of v and x^. This implies that 
the Schrodinger equation is not invariant under Lorentz transformation: x^' = a^^x'^ 
from Rt X M"! to Mj/ x , with x^' = ct' x'" = xW, x'^ = ct, and x'^ = xgk- Here c is the 
speed of light in vacuum and the coefficients a^^ are independent of £ and determined 
by the following condition with some extra informations: 

{x"f + {x^'f + {x^'f - {x^'f = {x'f + {x^f + {x^f - {xy. 

Therefore the quantum mechanics which is described by Schrodinger equation is under- 
stood, in the current physical context, as incompatible with special theory of relativity. 
Even if the free energy part in (S) (i.e. the sum of the differential operators in (S)) 
is replaced by a Lorentz invariant one as we will do in (QMG) of subsection 1.3.2, the 
Schrodinger equation is not Lorentz invariant. This fact is known as that the instanta- 
neous force among particles, which depends only on the locations of those particles, is 
not relativistic, i.e. is not Lorentz invariant. 

One of the features of the Schrodinger equation is that it yields the stability of matter 
(of the first kind, see [Li]), which is violated in the classical framework of Maxwell's equa- 
tions and Rutherford model of atoms, where atoms collapse by the continuous radiation 
of light from the electrons around the nucleus according to classical electromagnetism 
so that the electrons fall into the nucleus. However the Schrodinger operator H defined 
in (S) is bounded from below by some constant —L > —00 in the sense that L^-inner 
product {Hf, /) satisfies 

(Hf, f) > -L{f, f) 

for any / belonging to the domain 'D{H) of H under a suitable assumption on the 
pair potentials Vij. This means that the total energy of the quantum system does not 



QUANTUM MECHANICS AND RELATIVITY 



3 



decrease below —L, therefore the system does not collapse. In this respect, quantum 
mechanics remedies the difficulty of classical theory, while it is not Lorentz invariant. 

In 1928, Dirac [Di] introduced a system of equations, which is invariant under Lorentz 
transformation, and could explain some of the relativistic quantum-mechanical phenom- 
ena. However, Dirac operator is not bounded from below, and Dirac equation does not 
imply the stability of matter unlike the Schrodinger equation. 

Dirac thus proposed an idea that the vacuum is filled with electrons with negative 
energy so that the electrons around the nucleus cannot fall into the negative energy 
anymore by the Pauli exclusion principle, which explains the stability of matter. How- 
ever, if one has to consider plural kinds of elementary particles at a time, one has to 
introduce the vacuum which is filled with those plural kinds of particles, and the vac- 
uum can depend on the number of the kinds of particles which one takes into account. 
The vacuum then may not be determined to be unique. Further if one has to include 
Bosons into consideration, the Pauli exclusion principle does not hold and the stability 
of matter does not follow. In this sense, the idea of ""filling the negative energy sea;" 
unfortunately," "is ambiguous in the many-body CcLSG, ctS Lieb writes in [Li, p. 33]. 

Quantum field theory is introduced (see [St] for a review) to overcome this difficulty 
as well as to explain the annihilation-creation phenomena of particles, which are familiar 
in elementary particle physics. Quantum field theory is a theory of infinite degrees of 
freedom. In the case of the Schrodinger equation (S), the degree of freedom is 3A'", the 
number of coordinates xn, Xi2, Xi2, ■ ■ ■ ,xni,xn2, and Xjv3 of N particles. Contrary 
to this, quantum field theory deals with the infinite number of particles, which makes 
it possible to discuss creation-annihilation processes inside the theory. However, since 
it deals with infinite number of freedom, even at the first step of the definition of 
the Hamiltonian of the system obtained by second quantization, there is a difficulty, 
the difficulty of divergence. This sort of difficulty appears at almost every stage of 
the development of the theory, and physicists had to find clever ways to avoid the 
difficulties at each step after the theory was introduced. Mathematically, the difficulty 
of divergence has not been overcome yet at all. Physicists however noticed that if one 
could get finite quantities in a systematic way by extracting some infinite quantities 
from the divergent quantities, then those finite quantities might express the reality. 
Actually in their explanation of Lamb shift, they seemed to have succeeded going in 
this way and to have been able to give predictions outstandingly close to experiments. 
However, the calculation done is up to the 6th or 8th order of a series giving Lamb 
shift or anomalous magnetic moment of electrons ([K-L]). Dyson noticed ([Dy]) that 
the series has symptom to diverge to infinity. 

The procedure mentioned in the above to yield finite quantities from infinite ones is 
called process of "renormalization," and still forms active areas of researches in theo- 
retical physics. In the mathematical attempt, called "axiomatic quantum field theory," 
which was planned to clarify the meaning of quantum field theory and construct the 
theory consistently, it is known that in some mathematical but important examples 
(see, e.g., [Fr]), renormalizability conditions and the axioms of quantum field theory 
yield that the theory must not involve interaction terms inside the theory. I.e., the 
theory is void physics. 

These are the situation currently understood as an incompatibility problem between 
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quantum theory and special theory of relativity. In the case of general theory of relativity 
and quantum mechanics, the situation seems similar or no better (see, e.g., [Ish] for a 
review of the current approaches). The traditional attempts toward the unification of 
quantum theory and general relativity, like quantum gravity, superstring theory, and so 
on, are trying to find a way to unify them in a single layered theory where these two 
difficult theories should admit each other. 

We present below an attempt in a different direction, where general theory of rel- 
ativity and quantum mechanics are considered as independent aspects of nature, but 
as playing complementary roles to each other. Our approach may be called a two- 
layered theory, where these two theories have their own residences and they interfere 
only when observation is done. A procedure which describes the interference between 
them at observation will be our basis of explanation of relativistic quantum-mechanical 
phenomena. 

Our spirit behind the procedure we will introduce below for that interference is that 
what is intrinsic is the quantum-mechanical aspect of nature, while relativity plays a 
role of glasses to see nature. This attitude is contrary to the one adopted by current 
physics, which in origin comes from the spirit of Einstein [Ein]: 

Thus, according to the general theory of relativity, gravitation occupies an 
exceptional position with regard to other forces, particularly the electromag- 
netic forces, since the ten functions representing the gravitational field at the 
same time define the metrical properties of the space measured. 

His position is that the metrical properties of space-time are intrinsic for nature, and 
space-time is a vessel of nature, into which other forces should be incorporated. In the 
framework of classical theory, electromagnetic forces can be treated in this direction in 
the sense that the equation for electromagnetic fields can be written as a tensor equation. 
In the framework of quantum theory, the characteristic of traditional approach is to 
treat gravity as a one which should be quantized, and the inclusion of other forces is a 
problem which is treated only after gravity is quantized successfully. In such attempts to 
quantize gravity or general theory of relativity, the canonical formalism of general theory 
of relativity is assumed usually, and this means that one has to introduce some global 
time coordinate which is common throughout the total universe. This itself produces a 
problem incompatible with the spirit of general theory of relativity that time is a local 
notion. If one would admit of introducing such a global time, it is difficult to reformulate 
general theory of relativity into canonical formalism even if gravitation is weak (see, e.g., 
[Ish]), and the quantization of gravity or space-time remains as a difficult problem even 
if one would defer to the global time. 

To overcome these difficulties, we introduce a notion of local time t l which is proper to 
each local system L consisting of a finite number of quantum- mechanical particles. Our 
local time is a quantum-mechanical notion inasmuch as it is defined in each quantum- 
mechanical system as a parameter in the exponent of the propagator cxp{— it lHl) 
describing the propagation of the local system L. It is a local notion defined for each 
local system L with a local Hamiltonian Hl, and this will enable us to regard the 
time as a classical general relativistic local time, proper to the center of mass of 
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the local system L, by identifying the classical particles with those centers of mass of 
local systems. We will show that these classical local times proper to the centers of 
mass of local systems constitute general rclativistic notion of local times, compatible 
with the quantum mechanics inside each local system. The proof is, in part, a recall of 
the inclusion/exclusion assumption which has been adopted in physics, that the time 
is of a bigger system Lb which includes a smaller system Ls dominates the time ts 
of Ls, i.e. the assumption that ts must be equal to ts if the system Lb includes Ls- 
Apart from this traditional position on which physics has been founded, we retrieve the 
independence of each local system and its time coordinate among local systems, and 
liberate them from the bondage of inclusion/exclusion relation, which has been implicitly 
assumed for systems of physical particles. Geometrically expressed, our position may be 
formulated as a vector bundle with base space X representing the Riemannian manifold 
consisting of classical particles, identified with the centers of mass of local systems, and 
with the local system L which obeys the quantum mechanics on its own geometry being 
associated as a fibre to each point x & X, which is identified with the center of mass of 
the local system L. 

There is a theory by Prugovecki [Pru] successful, in a sense, in quantizing general 
relativity, where he modifies quantum mechanics and general relativity so that the usual 
results are obtained as limits of his theory. His approach looks similar to ours in that 
he associates a Lorentzian quantum-mechanical world to each point of a Riemannian 
manifold as a fibre, regarding the total universe as a vector or fibre bundle equipped 
with connections compatible with the Riemannian metric of the base Riemannian space. 
Our approach difi^ers from his in the following points: 

(1) Each quantum-mechanical world associated to a point of a Riemannian manifold 

is Euclidean; 

(2) We do not introduce any connections among those Euclidean quantum mechan- 
ics; 

(3) We treat electromagnetic forces and gravity on the same level in our explanation 
of observation, under the assumption that gravitation is weak; and 

(4) Quantum mechanics and general theory of relativity are intact in our formula- 
tion. 

The explanation of observation stated in the third item is our point and is realized by 
a procedure which yields a quantized Hamiltonian including gravity and electric forces 
on the same level. 

In our explanation of observation, we appeal to a procedure which transforms 
quantum-mechanical quantities into the classical quantities which obey the relativistic 
change of coordinates among the Euclidean quantum-mechanical worlds, which we call 
local systems. The quantum-mechanical world associated to each point of a Riemannian 
manifold has no relation with the Riemannian metric of the base space of our vector 
bundle, for we do not define any connections among the quantum-mechanical worlds. 
The procedure which transforms quantum-mechanical quantities into classical quantities 
is consistent with the two aspects of nature, i.e. with the quantum-mechanical aspect 
inside local systems and the general relativistic aspect outside local systems, because 
the results obtained by transformations are just concerned with observed facts. The 
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relativity appears in our theory as "glasses," which deform quantum-mechanical quan- 
tities into classical relativistic quantities at each step of quantum-mechanical evolution, 
so that the resultant classical quantities accord with the observation. The intrinsic for 
our theory is quantum mechanics inside local systems, and relativity modifies quantum- 
mechanical calculations to accord with observations. 

Summing up, our point is in the liberation of local systems from the inclusion/exclu- 
sion relation which has been an implicit assumption of physics. Instead of the inclu- 
sion/exclusion relation, we introduce a relation which transforms the quantum-mechani- 
cal values to classical relativistic values, as a procedure describing the interference 
between the two aspects of nature, the general relativistic aspect and the quantum- 
mechanical aspect. 

In Part I of the paper, we give a presentation of our theory without using the notion of 
vector bundle. We first recall in section I.l the basic notions related with the definition 
of local times from [Ki]. This notion of local times is a quantum-mechanical one defined 
in each local system consisting of a finite number of quantum-mechanical particles. In 
the sense that the local time is a local notion, it serves an ingredient which adheres the 
two layers: general theory of relativity and quantum mechanics. A result in many body 
quantum scattering is used to assign the usual meaning of time to our notion of local 
times. In section 1.2, we review the proof of the consistency of the notion of local times 
with general theory of relativity. We give, in section 1.3, a procedure of interpreting 
observation of quantum-mechanical process through the glasses of the relativity, yielding 
a relativistic quantum-mechanical Hamiltonian which explains gravitation and electric 
forces in quantum-mechanical way. In Part II, we treat two examples following the 
spirit of Part I. We present some open problems related with our formulation of physics 
in Part III. 



I.l. Local Time 

To state our definition of quantum-mechanical local times, we begin with introducing 
a stationary universe (f). What we adopt here for the universe may be called a closed 
universe, within which is all and which has a definite property specified by a certain 
quantum-mechanical condition. 

Let Hhe a separable Hilbert space, and set 



U is called a Hilbert space of possible universes. An element ^ of W is called a universe 
and is of the form of an infinite matrix {(pnt) with components (pn£ G T^^- = means 
(j)ni — for all n, I. 



Part I. Local Time and Observation 




QUANTUM MECHANICS AND RELATIVITY 



7 



Let O = {A} be the totality of the selfadjoint operators A inU of the form Acf) = 
{An(.(t>ni) for 4> = {4>n() £ ^^(^) C W, where each component An(, is a selfadjoint operator 
in IH,^ . We assume the following condition for our universe 4>. 

Axiom 1. There is a selfadjoint operator H e O mU such that for some (f) ^U — {0} 
and A e M 

H(t) = X(t) (U) 

in the following sense: Let Fn be a finite subset of N = {1,2, • • •} with tl(F„)(= the 
number of elements in Fn) = n and let {F^j^o ^ countable set of such Fn- Then the 
formula (U) in the above means that there are integral sequences {nk}'k=i and {ik}'k'=\ 
and a real sequence {An^^j^i such that F^l C F^t+l; U^i ^nt = f*^; 

HrikikKkik = ^rikik^rikik-: 4>nk£k 7^ 0> ^ = 1, 2, 3, • • • ; (Eigen) 

and 

'^nfc^fc ^ A as A; ^ oo. 

ilf is an infinite matrix (Hni) of selfadjoint operators H^e in Ti"'. Axiom 1 asserts 
that this matrix converges in the sense of (U) on our universe 0. We remark that our 
universe is not determined uniquely by this condition. 

The universe as a state (p is a, whole, within which is all. As such a whole, the state (p 
can follow the two ways: The one is that develops along a global time T in the grand 
universe U under a propagation exp{—iTH), and another is that is a bound state of 
H. If there were such a global time T as in the first case, all phenomena had to develop 
along that global time T, and the locality of time would be lost. We could then not 
construct a notion of local times compatible with general theory of relativity. The only 
one possibility is therefore to adopt the stationary universe of Axiom 1. 

The following axiom asserts the existence of configuration and momentum operators 
and that the canonical commutation relation between them holds. This is a basis of our 
definition of time, where configuration and momentum are given first, and then local 
times are defined in each local system of finite number of quantum-mechanical particles. 

Axiom 2. Let n > 1 and Fn+i be a finite subset of N = {1, 2, • ■ ■ } with tj(Fn+i) = 
n + 1. Then for any j G F^+i, there are selfadjoint operators Xj = {Xji, Xj2, Xj^) and 
Pj — {Pji, Pj2, Pjs) in 'H^, and constants nij > such that 

[Xji, Xkm] = 0, [Pji, Pkm] = 0, [Xji, Pkm] = iSjkSim, 

The Stone-von Neumann theorem and Axiom 2 specify the space dimension (see 
[A-M], p.452) as 3 dimension. We identify W with L'^{R^'^) in the following. 
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What we want to mean by the (n, £)-th component Hn£ (n, £ > 0) of H = {H^i) 
in Axiom 1 is the usual N = n + 1 body Hamiltonian with center of mass removed 
in accordance with the requirement X^jeF +i ''^j-^j = in Axiom 2. For the local 
Hamiltonian H^e we thus make the following postulate. 

Axiom 3. The component Hamiltonian Hni {£ > 0) of H in Axiom 1 is of the form 



a=(i,i) 
l<i<j<oo,i,jGF^ 



on C,5^(]R"^"^), where x^—Xi— Xj with Xi being the position vector of the i-th particle, 
and Va{xoi) is a real- valued measurable function of x^ G M"^ which is i/^^o-bounded 
with i^jj^o-bound of Vne less than 1. Hneo — -f^(iv-i)^o is the free Hamiltonian of the 
A'"-particle system, whose concrete form is similar to the interaction-free part of H in 
(S) of the introduction. 

This axiom implies that Hne = -ff(Af-i)£ is uniquely extended to a sclfadjoint operator 
bounded from below in = H^~^ = L^(]R^(^~^)) by the Kato-Rellich theorem. 

We do not include vector potentials in the Hamiltonian Hne of Axiom 3, for we take 
the position that what is elementary is the electronic charge, and the magnetic forces 
are the consequence of the motions of charges. Thus when we restrict our attention to a 
system consisting of the N number of particles, the vector potential is redundant to our 
argument. It would be, however, a good approximation to introduce vector potentials, 
when we consider a subsystem of a bigger system, and we concentrate on the analysis 
of the behavior of that subsystem inside the bigger system. 

Let Ph denote the orthogonal projection onto the space of bound states for a self- 
adjoint operator H. We recall that a state orthogonal to the space of bound states is 
called a scattering state. Let (/) = {(pni) with (f)ne — <^ne{xi, ■ ■ ■ ,Xn) G L^(R"^"') be the 
universe in Axiom 1, and let {uk} and {£k} be the sequences specified there. Let a;^"^'^) 
denote the relative coordinates of 1 particles in F^+i. 

Definition 1. 

(1) We define Hne as the sub-Hilbert space of generated by the functions (pnkek 
(x^'^'^\y) of x^'^'^^ e ]R^" with regarding y e R3("'fe-") as a parameter, where k 
moves over a set {k \ rik > n, C F^^^.]^, k G N}. 

(2) Tine is called a local universe of (p. 

(3) Hne is said to be non-trivial if (/ — PHni)Hne {0}. 

The total universe (/> is a single element in U. The local universe Hne may be richer 
and may have elements more than one. This is because we consider the subsystems of 
the universe consisting of a finite number of particles. These subsystems receive the 
infiuence from the other particles of infinite number outside the subsystems, and may 
vary to constitute a non-trivial subspace Hne- 

To state this mathematically, let us assume that the pair potentials are of the 
Coulomb type Vij{xij) — Cij\xij\~^ {cij G M), which are the typical examples we had 
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in mind in Axiom 3. Consider, e.g., a system H^i consisting of four particles, the one 
of which has positive charge, and other three have negative charge. Then this system 
tends to scatter, i.e. it is probable that this system is in a scattering state with respect 
to the Hamiltonian H^i (see, e.g., [Cy, p. 50] for a theorem asserting the absence of 
eigenvalues for a similar case) . Add one particle with positive charge to this system Hu 
to constitute a system -ff^fe^fe ("-fc = 4). Then this new system may be in an eigenstate 
— 04^fe with respect to the extended Hamiltonian Hn^^k = ^4^fc for some eigen- 
value — ^'iik so that it satisfies the condition (Eigen) in the above for a k, while 
the restriction (f)4ii^{x^^'^\y) to R^(3_f), with y E M.^ arbitrary but fixed, of the bound 
state ^. of i?4^^. is a scattering state of the original system H^i. Here y e is the 
intercluster coordinates between the added particle of positive charge and the center of 
mass of the four particles in the system H^£. Namely, the extended system H^g,^ is in a 
bound state (j)4if.-i while the restriction (l)4e^,ix^^'^\y) moves over the scattering states of 
Hse belonging to the Hilbert space L^(R|^(3^)) of the state vectors for the system H^g, 
and constitutes a nontrivial subspace Tisi of when y varies. 

Definition 2. 

(1) The restriction of H to Tini is also denoted by the same notation H^i as the 
(n, £)-th component of H. 

(2) We call the pair {Hni, Hni) a local system. 

(3) The unitary group e"**^"*^ e M-^) on Tini is called the proper clock of the local 
system {Hni.'Hni), if 'Hni is non-trivial: (/ — PH„e)'Hne 7^ {0}. (Note that the 
clock is defined only for = n -|- 1 > 2, since Hq£ — and Pnoe = !■) 

(4) The universe is called rich if Hni equals = L'^{M?'') for all n > 1, £ > 0. 
For a rich universe 0, Hni equals the (n, £)-th component of H. 

Definition 3. 

(1) The parameter t in the exponent of the proper clock e"**-'^"^ = e~**^(^-i)^ of a 
local system {Hne^Tint) is called the (quantum-mechanical) proper time or local 
time of the local system {H^i, Hnt), if (/ - PHr,i)'^ni 7^ {0}. 

(2) This time t is denoted by indicating the local system under consider- 
ation. 

This definition is a one reverse to the usual definition of the motion or dynamics of 
the A-body quantum systems, where the time t is given a priori and then the motion 
of the particles is defined by e~**^(^-i)^/ for a given initial state / of the system. 

Time is thus defined only for local systems {H^g^T-Cng) and is determined by the 
associated proper clock e~**^"^. Therefore there are infinitely many number of times 
t = t[Hne,'Hne) each of which is proper to the local system [Hn^i'Hni)- In this sense 
time is a local notion. There is no time for the total universe in Axiom 1, which is a 
bound state of the total Hamiltonian H in the sense specified by the condition (U) of 
Axiom 1. 

To see the meaning of our definition of time, we quote a theorem from [En]. To 
state the theorem we make some notational preparation concerning the local system 
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(HnijHni), assuming that the universe is rich: Let b = (Ci,--- ,Cjj(5)) be a de- 
composition of the set {1, 2, • • • , N} (N = n + 1) into tj(6) number of disjoint subsets 
Ci,--- , C[j(5) of {1,2, ■■■ ,A^}. b is called a cluster decomposition. Hj, = H^i^b = 
Hni — h = H^g+Tng^f, = + Th is the truncated Hamiltonian for the cluster decompo- 
sition b with 1 < ^{b) < N , where lb is the sum of the intercluster interactions between 
various two different clusters in b, and Tb is the sum of the intercluster free energies 
among various clusters in b. Xb G R^(W(&)-i) ig the intercluster coordinates among the 
centers of mass of the clusters in 6, while G R'^(-^~f(^)) denotes the intracluster coor- 
dinates inside the clusters of b so that x G M^"' = M^*^-^"-^) is expressed as x = (xf,, x^). 
Note that x^ is decomposed as x^ = (xi,--- where each G R"^(W(Cj)-i) jg 

the internal coordinate of the cluster Cj, describing the configuration of the particles 
inside Cj. The operator H'^ is accordingly decomposed as H'^ = Hi + • ■ ■ + H^(^b)-) 

and each component Hj is defined in the space Tl^ = L^(M^1'^*^^-' ^''), whose ten- 

j 

sor product n\ ® ■ ■ ■ ^ H^^^^ is the internal state space = L2(R^1^~*^'')^). The 

free energy Tb is defined in the external space Kb - L^iKr ), and the trun- 
cated Hamiltonian Hb = + Tb — I ® + Tb ® I is defined in the total space 
Ti-ne = 'Hb®'H^ = L'^(^x^^~^^)- Vb is the velocity operator conjugate to the intercluster 
coordinates Xb- Pb = Pr^ is the eigenprojection associated with the subsystem of 
iy, i.e. the orthogonal projection onto the eigenspace of ^ defined in H.^ and extended 
obviously to the total space Tini- Pb^ is the M-dimensional partial projection of this 
eigenprojection Pb. We define for a /c-dimensional multi- index M — (Mi,-- - ,Mfc), 
M,- > 1 and /e= 1,-- - ,iV - 1, 



\ H(6)=fc / \ tt(d)=2 / 

where note that P^^ = P^^ = P^^ for [J (a) = 1 is uniquely determined. We also define 
for a tt( 6) -dimensional multi-index Mb = (Mi, - - - , Mjj(5)_i, Mj^^,)) = (M5, Mj^^,)) 



pM,^pM„(.)pM,_^^ 2<ti(6)<iV. 

It is clear that 



j2 p^^ = i-p^^^ 

2<^{b)<N 

provided that the component M^ of Mb depends only on the number k but not on b. In 
the following we use such M^'s only. Under these circumstances, the following is known 
to hold. 

Theorem 1 ([En]). Let N = n + 1 > 2 and let Hn-i = H^i be the Hamiltonian for a 
local system {Hne,Ti-nf ) ■ Let suitable conditions on the decay rate for the pair potentials 
Vij{xij) be satisfied (see, e.g., Assumption 1 in [Ki(A^)]). Let \\\x'^\'^P^^\\ < 00 be 
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satisfied for any integer M >1 and cluster decomposition a with 2 < ^{a) < N — 1 . Let 
f e 'H^~^ . Then there is a sequence tm ±oo {as m ±oo) and a sequence 
of multi-indices whose components all tend to oo as m ^ ±oo such that for all cluster 
decompositions h,2< ^{h) < N, and (p e C^{rI^^^^^~^^) 

\\Wix,/t^) - ^(^,)}Pr^"^e-^*-^--/|| - (A) 

as m ^ ±oo. 

The asymptotic relation (A) roughly means that, if we restrict our attention to the 
part of the evolution e-«*^iv-iy^ which the particles inside any cluster of b are 

bounded while any two different clusters of b are scattered, then the quantum-mechanical 
velocity Vh — m'j^^pi), where is some diagonal mass matrix, is approximated by a 
classical value v^'^^ = \imm^±oo{vbP^^ ^-itmHN-i j ^p^b g-it,„Hjv_iy^ asymptotically 
as m — > ±oo and the local time t of the N body system H^-i = H^e is asymptotically 
equal to the quotient of the configuration by the velocity of the scattered particles (or 
clusters, exactly speaking): 

l^'^l (Q) 



This means by Vf, = m'^^pb that the local time t is asymptotically and approximately 
measured if the values of the configurations and momenta for the scattered particles of 
the local system {Hn_i,TCn-i) = {Hne^Ti-ne) are given. 

We note that the time measured by (Q) is independent of the choice of cluster de- 
composition b according to Theorem 1. This means that t can be taken as a common 
parameter of motion inside the local system, and can be called time of the local system 
in accordance with the notion of 'common time' in Newton's sense: "relative, apparent, 
and common time, is some sensible and external (whether accurate or unequable) mea- 
sure of duration by the means of motion, • • • " ([New], p. 6). Once we take t as our notion 
of time for the system (Hni, Ti-ni), t recovers the usual meaning of time, by the identity 
for e"**-'^"^/ known as the Schrodinger equation: 

i dt "V ■' 

Time t = t{Hnt>,'Hne) ^ notion defined only in relation with the local system 
{Hn£,Hn£)- To other local system [Hmk.'Hmk)-, there is associated other local time 
t{H^k,n,^k)^ and between t = t(^Hr,t,-Hr,d and t{Hrnk,'Hmk)^ ^^ere is no relation, and they are 
completely independent notions. In other words, Tini and Timk are different spaces un- 
less n = m and i = k. And even when the two local systems (HnijTini) and (Hmk, Ti-mk) 
have a non- vanishing common part: H -F^^.! ^ 0, the common part constitutes 

its own local system {Hpj,T-lpj), and its local time cannot be compared with those of 
the two bigger systems [Hni, 'Hni) and {Hmk.'Hmk), because these three systems have 
different base spaces, Hamiltonians, and clocks. More concretely speaking, the times 
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are measured through the quotients (Q) for each system. But the L^-representations of 
the base Hilbert spaces Hn£,'Hmki'Hpj for those systems are different unless they are 
identical with each other, and the quotient (Q) has incommensurable meaning among 
these representations. 

In this sense, local systems are independent mutually. Also they cannot be decom- 
posed into pieces in the sense that the decomposed pieces constitute different local 
systems. 

1.2. Relativity 

We note that the center of mass of a local system {Hni, Hni) is always at the origin of 
the space coordinate system X(^Hne,'Hne) ^ local system by the requirement: 

^j6F„+i ''^j-^j = in Axiom 2, and that the space coordinate system describes just 
the relative motions inside a local system by our formulation. The center of mass of a 
local system, therefore, cannot be identified from the local system itself, except that it 
is at the origin of the coordinates. 

Moreover, just as we have seen in the previous section, we see that, not only the time 
coordinates and t^Hmk,nmk)^ but also the space coordinates x^Hr,i,nr.i) ^ 

and X(^H^k,'Hmk) ^ these two local systems are independent mutually. Thus the 

space-time coordinates (t(H„„7^„,), 2:(h„,,h„,)) and 2:(i/„,fe,>^,„,)) are inde- 

pendent between two different local systems {Hnt^'Hni) and (Hmk^'Hmk)- In particular, 
insofar as the systems are considered as quantum-mechanical ones, there is no relation 
between their centers of mass. In other words, the center of mass of any local system 
cannot be identified by other local systems quantum-mechanically. 

Summing these two considerations, we conclude: 

(1) The center of mass of a local system (if^^,7i^^) cannot be identified quantum- 
mechanically by any local system {H^kj T^mk) including the case {H^kj T^mk) = 

(2) There is no quantum-mechanical relation between any two local coordinates 
(^(if„,,7^„,),a:(/f„,,T^„,)) and {t{H^^,Hrr.^),x^H^^^n^^)) of two different local sys- 
tems (Hni^Hni) and {Hmk-,'Hmk)- 

Utilizing these properties of the centers of mass and the coordinates of local systems, 
we may make any postulates concerning 

(1) the motions of the centers of mass of various local systems, 

and 

(2) the relation between two local coordinates of any two local systems. 

In particular, we may impose classical postulates on them as far as the postulates are 
consistent in themselves. 

Thus we assume an arbitrary but fixed transformation: 



2/2 = /2l(2/l) 
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between the coordinate systems i/j = {y^) = {ctj,Xj) for j = 1,2, where c is the 
speed of light in vacuum and {tj^Xj) is the space-time coordinates of the local system 
Lj = {Hn^ij^ 'Hrijij)- We regard these coordinates yj = {ctj, Xj) as c/as5zca/ coordinates, 
when we consider the motions of centers of mass and the relations of coordinates of 
various local systems. We now postulate the general principle of relativity on the physics 
of the centers of mass: 

Axiom 4. The laws of physics which control the relative motions of the centers of 
mass of local systems are covariant under the change of the coordinates from 
(c^(H^,,7^„0'^(^^-fc,^mfe)) of the reference frame local sys- 

tems for any pair [Hmki'Hmk) and {Hne,'Hne) of local systems. 

We note that this axiom is consistent with the Euclidean metric adopted for the 
quantum-mechanical coordinates inside a local system, because Axiom 4 is concerned 
with classical motions of the centers of mass outside local systems, and we are dealing 
here with a different aspect of nature from the quantum-mechanical one inside a local 
system. 

Axiom 4 implies the invariance of the distance under the change of coordinates be- 
tween two local systems. Thus the metric tensor g^jj{ct,x) which appears here satisfies 
the transformation rule: 

glM = 9lpihi{yi))^{yi)^{yi), (Me) 

where yi = {cti,xi); y2 — /2i(2/i) is the transformation (Tr) in the above from yi = 
(ctijXi) to y2 = {ct2,X2)', and gj^i,{yj) is the metric tensor expressed in the classical 
coordinates yj = {ctj,Xj) for j = 1, 2. 

The second postulate is the principle of equivalence, which asserts that the classi- 
cal coordinate system {ct(^Hr,i,'H„i)i^{Hr,i>,'Hr,i)) a local Lorentz system of coordinates, 
insofar as it is concerned with the classical behavior of the center of mass of the local 
system (Hnt^Hne)- 

Axiom 5. The metric or the gravitational tensor g^^, for the center of mass of a 
local system {Hne, Hni) in the coordinates {cti^H^^,nne,),xi^H^^,Hr,i)) of itself are equal to 
?7^i/, where 77^1/ = for 7^ zv, = 1 for // = = 1, 2, 3, and = —1 for // = i/ = 0. 

Since, at the center of mass, the classical space coordinates x = 0, Axiom 5 together 
with the transformation rule (Me) in the above yields 

9lM2lict2,0)) = Vap-^{f2\\ct2,0))-^if2,\ct2,0)). (Equi) 

Also by the same reason: x = at the center of mass, the relativistic proper time 



dr = y —g^_iu{ct-: Q)dy^^dy^ = y —rj^udy^^dy^ at the origin of a local system is equal to c 
times the quantum-mechanical proper time dt of the system. 
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By the fact that the classical Axioms 4 and 5 of physics are imposed on the centers of 
mass which are uncontrollable quantum-mechanically, and on the relation between the 
coordinates of different, therefore quantum-mechanically non-related local systems, the 
consistency of classical relativistic Axioms 4 and 5 with quantum-mechanical Axioms 
1-3 is clear: 

Theorem 2. Axioms 1 to 5 are consistent. 
1.3. Observation 

Thus far, we did not mention any about the physics which is actually observed. We have 
just given two aspects of nature which are mutually independent. We will introduce a 
procedure to yield what we observe when we see nature. This procedure will not be 
contradictory with the two aspects of nature which we have discussed, as the procedure 
is concerned solely with ''how nature looks, at the observer" i.e. it is solely concerned 
with "at the place of the observer, how nature looks" with some abuse of the word 
"place." The validity of the procedure should be judged merely through the comparison 
between the observation and the prediction given by our procedure. 

We note that we can observe only a finite number of disjoint systems, say Li, • • • , 
with /c > 1 a finite integer. We cannot grasp an infinite number of systems at a time. 
Further each system Lj must have only a finite number of elements by the same reason. 
Thus these systems Li, - ■ ■ , may be identified with local systems in the sense of 
section I.l. 

Local systems are quantum- mechanical systems, and their coordinates are confined to 
their insides insofar as we appeal to Axioms 1-3. However we postulated Axioms 4 and 5 
on the classical aspects of those coordinates, which make the local coordinates of a local 
system a classical reference frame for the centers of mass of other local systems. This 
leaves us the room to define observation as the c/asszca/ observation of the centers of mass 
of local systems Li, • • • , L^. We call this an observation of L = (Li, • • • , Lfc) inquiring 
into sub-systems Li, ■ ■ ■ , L^, where L is a local system consisting of the particles which 
belong to one of the local systems Li, ■ ■ ■ , Lk- 

When we observe the sub-local systems Li, ■ ■ ■ , Lfc of L, we observe the relations 
or motions among these sub-systems. Internally the local system L behaves following 
the Hamiltonian associated to the local system L. However the actual observation 
differs from what the pure quantum-mechanical calculation gives for the system L. For 
example, when an electron is scattered by a nucleus with relative velocity close to that 
of light, the observation is different from the pure quantum-mechanical prediction. 

In the usual explanation of this phenomenon, one introduces Dirac equation, and 
calculates differential cross section. However, the calculation only applies to that ex- 
periment or to the case which can be described by the Dirac equation, and no gravity 
is included. 

We propose below a procedure which explains gravity as well as quantum- mechanical 
forces in one framework. 
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The quantum-mechanical process inside the local system L is described by the evo- 
lution 

when the initial state / of the system and the local time of the system are given. 
The Hamiltonian Hl is decomposed as follows in virtue of the local Hamiltonians 
Hi, - ■ ■ , Hk, which correspond to the sub- local systems Li, ■ ■ ■ ,Lk'- 

Hl = H^ + T + I, = Hi + --- + Hk. 

Here b = (Ci, ■ ■ ■ , Ck) is the cluster decomposition corresponding to the decomposition 
L = (Li, - ■■ ,Lfc) of L; if^ = + - ■■ + iffc is the sum of the internal energies Hj inside 
Li, and is defined in the internal state space = n\® ■■■ ®nl; T ^ Ti, denotes 
the intercluster free energy among the clusters Ci , ■ ■ ■ , defined in the external state 
space Tib; and I = 1^ = Ih{x) = Ib{xb,x'') is the sum of the intercluster interactions 
between various two different clusters in the cluster decomposition b (cf. the explanation 
after Definition 3 in section I.l). 

The main concern in this process would be the case that the clusters Ci , • • • ,Ck 
form asymptotically bound states as — > oo, since other cases are hard to be observed 
along the process if the observer's concern is upon the final state of the sub-systems 
Li, • ■ ■ , Lk- 

The evolution ex.'p{—it lH f behaves asymptotically as ti, — cxd as follows for some 
bound states gi, - ■ ■ , Qk {dj G Ti^) of local Hamiltonians Hi, ■ ■ ■ , H^ and for some go 
belonging to the external state space Hb- 

ex.-p{-itLHL)f ~ exp{-itLhb)go<^exp{-itLHi)gi(S)- ■ ■(S)exp{-itLHk)gk, k>l, (P) 

where hb — + Ib{xb, 0). It is easy to see that g — go ® gi ® ■ ■ ■ ® gk given by 

9 = go®gi®---®gk = ^t*f = Pb^b*f^ 

provided that the decomposition of the evolution eicp{—it i^H l) f is of the simple form 
as in (P). Here Q^* is the adjoint of a canonical wave operator ([De]) corresponding to 
the cluster decomposition b: 

= s- lim ex.p(itHi,) ■ ex-p(—ithb) <8) exp(—itHi) (g) • • • (8) ex.p(—itHk)Pb, 

t^oo 

where Pb is the eigenprojection onto the eigenspace of the Hamiltonian H^ = Hi + • ■ • + 
Hk- The process (P) just describes the quantum-mechanical process inside the local 
system L, and does not specify any meaning related with observation up to the present 
stage. 

To see what we observe at actual observations, let us refiect a process of observa- 
tion of scattering phenomena. We note that the observation of scattering phenomena is 
concerned with their initial and final stages by what the scattering itself means. At the 
final stage of observation of scattering processes, the quantities observed are firstly the 
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points hit by the scattered particles on the screen stood against them. If the circum- 
stances are properly set up, one can further indicate the momentum of the scattered 
particles at the final stage to the extent that the uncertainty principle allows. Consider, 
e.g., a scattering process of an electron by a nucleus. Given the magnitude of initial 
momentum of an electron relative to the nucleus, one can infer the magnitude of mo- 
mentum of the electron at the final stage as being equal to the initial one by the law 
of conservation of energy, since the electron and the nucleus are far away at the initial 
and final stages so that the potential energy between them can be neglected compared 
to the relative kinetic energy. The direction of momentum at the final stage can also be 
indicated, up to the error due to the uncertainty principle, by setting a sequence of slits 
toward the desired direction at each point on the screen so that the observer can detect 
only the electrons scattered to that direction. The magnitude of momentum at initial 
stage can be selected in advance by applying a uniform magnetic field to the electrons, 
perpendicularly to their momenta, so that they circulate around circles with the radius 
proportional to the magnitude of momentum, and then by setting a sequence of slits 
midst the stream of those electrons. The selection of magnitude of initial momentum 
makes the direction of momentum ambiguous due to the uncertainty principle, since the 
sequence of slits lets the position of electrons accurate to some extent. To sum up, the 
sequences of slits at the initial and final stages necessarily require to take into account 
the uncertainty principle so that some ambiguity remains in the observation. 

However, in the actual observation of a single particle, we have to decide at which 
point on the screen the particle hits and which momentum the particle has, using the 
prepared apparatus like the sequence of slits located at each point on the screen. Even if 
we impose an interval for the observed values, we have to assume that the boundaries of 
the interval are sharply designated. These are the assumption which we always impose 
on "observations" implicitly. I.e., we idealize the situation in any observation or in any 
measurement of a single particle so that the observed values for each particle are sharp 
for both of the configuration and momentum. In this sense, the values observed actually 
for each particle must be classical. We have then necessary and sufficient conditions to 
make predictions about the differential cross section, as we will see in subsection 1.3.1. 

Summarizing, we observe just the classical quantities for each particle at the final 
stage of all observations. In other words, we have to presuppose that the values observed 
for each particle have sharp values, even if we cannot know the values actually. We can 
apply to this fact the remark stated in the third paragraph of this section about the 
possibility of defining observation as that of the classical centers of mass of local systems, 
and may assume that the actually observed values follow the classical Axioms 4 and 
5. Those sharp values actually observed for each particle give, when summed over the 
large number of particles, the probabilistic nature of physical phenomena, i.e. that of 
scattering phenomena. 

Theoretically, the quantum-mechanical, probabilistic nature of scattering processes is 
described by differential cross section, defined as the square of the absolute value of the 
scattering amplitude obtained from scattering operators Sm = Wb'*^d ^ where are 
usual wave operators. Given the magnitude of the initial momentum of the incoming 
particle and the scattering angle, the differential cross section gives a prediction about 
the probability at which point and to which direction on the screen each particle hits 
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on the average. However, as we have remarked, the ideahzed point on the screen hit 
by each particle and the scattering angle given as an idealized difference between the 
directions of the initial and final momenta of each particle have sharp values, and the 
observation at the final stage is classical. We are then required to supplement these 
classical observations with taking into account the classical relativistic effects on those 
classical quantities, e.g., on the configuration and the momentum of each particle. 

1.3.1. As the first step of the relativistic modification of the scattering process, we 
consider the scattering amplitude S{E,9), where E denotes the energy level of the 
scattering process and 6* is a parameter describing the direction of the scattered particles. 
Following our remark made in the previous paragraph, we make the following postulate 
on the scattering amplitude observed in actual experiment: 

Axiom 6.1. When one observes the final stage of scattering phenomena, the total 
energy E of the scattering process should be regarded as a classical quantity and is 
replaced by a relativistic quantity, which obeys the relativistic change of coordinates 
from the scattering system to the observer's system. 

Since it is not known much about S{E,9) in the many body case, we consider an 
example of the two body case: Consider a scattering phenomenon of an electron by 
a Coulomb potential Ze^/r, where Z is a real number, r = \x\, and x is the position 
vector of the electron relative to the scatterer. We assume that the mass of the scatterer 
is large enough compared to that of the electron and that \Z\/137 ^ 1. Then quantum 
mechanics gives the differential cross section in a Born approximation: 



dn ' ^ ' ^' 16£;2sin^(6'/2)' 

where 9 is the scattering angle and E is the total energy of the system of the electron 
and the scatterer. We assume that the observer is stationary with respect to the center 
of mass of this system of an electron and the scatterer. Then, since the electron is 
far away from the scatterer after the scattering and the mass of the scatterer is much 
larger than that of the electron, we may suppose that the energy E in the formula 
in the above can be replaced by the classical kinetic energy of the electron by Axiom 
6.1. Then, assuming that the speed v of the electron relative to the observer is small 
compared to the speed c of light in vacuum and denoting the rest mass of the electron 
by m, we have by Axiom 6.1 that E is observed to have the following relativistic value: 

^2 ^^,2 



E' = c\/p^ + m^c^ — mc^ = — = — mc 



mc 2 "^"^ 



where p = mv j ^/Y^^JvJSf' is the relativistic momentum of the electron. Thus the 
differential cross section should be observed approximately equal to 

— ~ ^-^1 (1 - {v/cf). (RDC) 



18 



HITOSHI KITADA 



This coincides with the usual relativistic prediction obtained from the Klein-Gordon 
equation by a Born approximation. See [Ki, p. 297] for a case which involves the spin of 
the electron. 

Before proceeding to the inclusion of gravity in the general k cluster case, we review 
this two body case. We note that the two body case corresponds to the case k — 2, where 
Li and L2 consist of single particle, therefore the corresponding Hamiltonians Hi and 
H2 are zero operators on = C = the complex numbers. The scattering amplitude 
S{E, 6) in this case is an integral kernel of the scattering matrix S = TST~^ ^ where 
S = W~^*W~ is a scattering operator; = s-lim^^-i-oo exp{itHL) exp(— ztT) are wave 
operators (T is negative Laplacian for short-range potentials under an appropriate unit 
system, while it has to be modified when long-range potentials are included); and T 
is Fourier transformation so that TTT~^ is a multiplication operator by in the 
momentum representation L^(]R|). By definition, S commutes with T. This makes 

S decomposable with respect to |^|^ = TTT~^: For a.e. £^ > 0, there is a unitary 
operator S{E) on L^(5'^), S'^ being two dimensional sphere with radius one, such that 
for a.e. E > and uj e S'^ 

{Sh){VEu;) = (s{E)h{VE-)') (a;), h e L\rI) = L\{0, L^S^), l^fd]^]). 

Thus S can be written as S = {S{E)}e>o- It is known [I-Ki] that S{E) can be expressed 
as 

{S{E)<f) (9) = <fi{9)- 2TTi^/E I S{E, 9, u;)<fi{u;)duj 

for (fi e L?[S'^). The integral kernel S{E,9,uj) with lu being the direction of initial 
wave, is the scattering amplitude S{E, 9) stated in the above and \S{E, 9,uj)\'^ is called 
differential cross section. These are the most important quantities in physics in the sense 
that they are the only quantities which can be observed in actual physical observation. 

The energy level E in the previous example thus corresponds to the energy shell 
T = E, and the replacement of E by E' in the above means that T is replaced by a 
classical relativistic quantity E' = c-yp^"+m^c^ — mc^. We have then seen that the 
calculation in the above gives a correct relativistic result, which explains the actual 
observation. 

Axiom 6.1 is concerned with the observation of the final stage of scattering phe- 
nomena. To include the gravity into our consideration, we extend Axiom 6.1 to the 
intermediate process of quantum-mechanical evolution. The intermediate process can- 
not be an object of any actual observation, because the intermediate observation would 
change the process itself, consequently the result observed at the final stage would be 
altered. Our next Axiom 6.2 is an extension of Axiom 6.1 from the actual observation 
to the ideal observation in the sense that Axiom 6.2 is concerned with such invisible 
intermediate processes and modifies the ideal intermediate classical quantities by rela- 
tivistic change of coordinates. The spirit of the treatment developed below is to trace 
the quantum-mechanical paths by ideal observations so that the quantities will be trans- 
formed into classical quantities at each step, but the quantum-mechanical paths will not 
be altered owing to the ideality of the observations. The classical Hamiltonian obtained 
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at the last step will be "requantized" to recapture the quantum-mechanical nature of 
the process, therefore the ideality of the intermediate observations will be realized in 
the final expression of the propagator of the observed system. 

1.3.2. With these remarks in mind, we return to the general k cluster case, and consider 
a way to include gravity in our framework. 

In the scattering process into A; > 1 clusters, what we observe are the centers of mass 
of those k clusters Ci, ■ ■ ■ , Ck, and of the combined system L = (Li, ■ ■ ■ , Lfc). In the 
example of the two body case of the previous subsection, only the combined system 
L — (Li,L2) appears due to Hi — H2 — 0, therefore the replacement of T by E' is 
concerned with the free energy between two clusters Ci and C2 of the combined system 
L={LuL2). 

Following this treatment of T in subsection 1.3.1, we replace T = in the exponent 
of exp(—itLhb) = exp(— iti(T5 + /b(xb,0))) on the right hand side of the asymptotic 
relation (P) by the relativistic kinetic energy among the clusters Ci, ■ ■ ■ , around 
the center of mass of L = (Li, • • • , L/,), defined by 

k 

= {^\Jp] ™jC^ ~ ^'^jC^ j . (Energy 1) 

Here rrij > is the rest mass of the cluster Cj, which involves all the internal energies 
like the kinetic energies inside Cj and the rest masses of the particles inside Cj , and pj 
is the relativistic momentum of the center of mass of Cj inside L around the center of 
mass of L. For simplicity, we assume that the center of mass of L is stationary relative 
to the observer. Then we can set in the exponent of exp(— iti(T^' + Ibixb, 0))) 

tL = to, (Time 1) 

where to is the observer's time. 

For the factors exp{—itLHj) on the right hand side of (P), the object of the (ideal) 
observation is the centers of mass of the k number of clusters Ci, • • • , Cfc. These are 
the ones which now require the relativistic treatment. Since we identify the clusters 
Ci, ■ ■ ■ , Cyfc as their centers of mass moving in a classical fashion, tL in the exponent 
of exp{—itLHj) should be replaced by times the classical relativistic proper time 
at the origin of the local system Lj, which is equal to the quantum-mechanical local 
time tj of the sub- local system Lj. By the same reason and by the fact that Hj is the 
internal energy of the cluster Cj relative to its center of mass, it would be justified to 
replace the Hamiltonian Hj in the exponent of exp{—itjHj) by the classical relativistic 
energy inside the cluster Cj around its center of mass 

Hj = rrijC^, (Energy 2) 

where rrij > is the same as in the above. 

Summing up, we arrive at the following postulate, which has the same spirit as in 
Axiom 6.1 and includes Axiom 6.1 as a special case concerned with actual observation: 
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Axiom 6.2. In either actual or ideal observation, the space-time coordinates 
{ctL,XL) and the four momentum p = (p'*) = [El/c^Pl) of the observed system L 
should be replaced by classical rclativistic quantities, which are transformed into the 
classical quantities (cto, ^o) and p = {Eq / c,po) in the observer's system Lq according 
to the relativistic change of coordinates specified in Axioms 4 and 5. Here ti, is the 
local time of the system L and is the internal space coordinates inside the system 
L; and is the internal energy of the system L and is the momentum of the center 
of mass of the system L. 

In the case of the present scattering process into k clusters, the system L in this 
axiom is each of the local systems (j' = 1, 2, • • • , /s) and L. 

We continue to consider the k centers of mass of the clusters Ci, • • • , C^. At the 
final stage of the scattering process, the velocities of the centers of mass of the clusters 
Cii - ■ ■ ,Ck would be steady, say f i, • • • ,Vk, relative to the observer's system. Thus, ac- 
cording to Axiom 6.2, the local times tj (j = 1, 2, ■ ■ ■ , k) in the exponent of exp(— ztjifj), 
which are equal to times the relativistic proper times at the origins Xj = of the 
local systems Lj, are expressed in the observer's time coordinate to by 

tj ^tosjl- {vj/cY ^ to (1 - t;|/(2c2)) , j = l,2,---,A;, (Time 2) 

where we have assumed \vj/c\ <^ 1 and used Axioms 4 and 5 to deduce the Lorentz 
transformation: 

^ _ to - {vjl(?)xo _ xo - Vjtp 

(For simplicity, we wrote the Lorentz transformation for the case of 2-dimensional space- 
time.) 

Inserting (Energy 1-2) and (Time 1-2) into the right-hand side of (P), we obtain a 
classical approximation of the evolution: 

exp {-ito[{Ti + hixb, 0) + H[ + --- + H',^)- imivl/2 + ■■■ + mkvl/2)]) (AP) 

under the assumption that \vj/c\ <ti 1 for all j = 1,2, • ■ ■ ,k. 

What we want to clarify is the final stage of the scattering process. Thus as we have 
mentioned, we may assume that all clusters Ci, ■ • • ,Ck are far away from any of the 
other clusters and moving almost in steady velocities f i , • • • ,Vk relative to the observer. 
We denote by the distance between two centers of mass of the clusters Ci and Cj 
for 1 < i < j < k. Then, according to our spirit that we are observing the behavior 
of the centers of mass of the clusters Ci, ■ ■ ■ , Cfc in classical fashion following Axioms 4 
and 5, the clusters Ci, ■ ■ ■ , Cfc can be regarded to have gravitation among them. This 
gravitation can be calculated if we assume Einstein's field equation, \vj/c\ -C 1, and 
certain conditions that the gravitation is weak (see [M, section 17.4]), in addition to our 
Axioms 4 and 5. As an approximation of the first order, we obtain the gravitational 
potential of Newtonian type for, e.g., the pair of the clusters Ci and Ui = Ui=2 

k 

-G^mirrii/ru, 

i=2 
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where G is Newton's gravitational constant. 

Considering the k body classical problem for the k clusters Ci , • • • , Cfc moving in 
the sum of these gravitational fields, we see that the sum of the kinetic energies of 
Ci , ■ ■ ■ , Cfc and the gravitational potentials among them is constant by the classical law 
of conservation of energy: 

m\v\/2 + • — h mkv\/2 — G rriimj/rij = constant. 

i<i<j<k 

Assuming that Vj — > Vjoo as time tends to infinity, we have constant = miv1^/2 + • • • + 
mkvf,^/2. Inserting this relation into (AP) in the above, we obtain the following as a 
classical approximation of the evolution (P): 



exp I —ito 



Tl + h{xb-, 0) + ^{rrijC^ - mjVj^/2) -G ^ rriimj/rij 

j—l l<i<j<k 



(CP) 



What wc do at this stage are ideal observations, and these observations should not give 
any sharp classical values. Thus we have to consider (CP) as a quantum-mechanical 
evolution and we have to recapture the quantum-mechanical feature of the process. To 
do so we replace pj in T^' in (CP) by a quantum-mechanical momentum Dj, where Dj is 

a differential operator ~i-^ = —i (^g^i af^' ^^^^ respect to the 3-dimensional 

coordinates Xj of the center of mass of the cluster Cj. Thus the actual process should 
be described by (CP) with replaced by a quantum-mechanical Hamiltonian 



n = J2{^^/Df^'-mjc'). 



This procedure may be called "requantization," and is summarized as the following 
axiom concerning the ideal observation. 

Axiom 6.3. In the expression describing the classical process at the time of the 
ideal observation, the intercluster momentum pj = ipji,Pj2,Pj3) should be replaced 

by a quantum-mechanical momentum Dj = —i (^g^, q§-^j alf^)' Then this gives the 
evolution describing the intermediate quantum-mechanical process. 

We thus arrive at an approximation for a quantum-mechanical Hamiltonian including 
gravitational effect up to a constant term, which depends on the system L and its 
decomposition into Li,--- , L^, but not affecting the quantum-mechanical evolution, 
therefore can be eliminated: 

HL = Tb + Ib{xb, 0) -G ^ rriimj/rij 

^<i<3<k 

k (QMG) 

= ^ (c^ D'^ + m^^c^ - mj(?^ -\- Ib{xb, 0) - G ^ mimj/rij. 
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We remark that the gravitational terms here come from the substitution of local times 
tj to the time tL in the factors exp{—itLHj) on the right-hand side of (P). This form of 
Hamiltonian in (QMG) is actually used in [Li] with = to explain the stability and 
instability of cold stars of large mass, showing the effectiveness of the Hamiltonian. 

Summarizing these arguments from (P) to (QMG), we have obtained the follow- 
ing interpretation of the observation of the quantum-mechanical evolution: To get our 
prediction for the observation of local systems Li,--- , L^, the quantum- mechanical 
evolution of the combined local system L = (Li, • • • , Lfc) 

exp(-itii/i)/ 

should be replaced by the following evolution, in the approximation of the first order 
under the assumption that \vj/c\ <^ 1 {j = 1,2, ■ ■ ■ , k) and the gravitation is weak, 

{exp{-itoHL) ® / ■ ■ ■ ® I) Ph^TU (GP) 

k factors 

provided that the original evolution exp(— itj^i?^)/ decomposes into k number of clusters 
Ci, ■ ■ ■ ,Ck as tL — ^ oo in the sense of (P). Here b is the cluster decomposition b — 
(Ci, • • • , Ck) that corresponds to the decomposition L — (Li, • • • , L^) of L; to is the 
observer's time; and 

HL = fb + h{xb,^)-G mirrij/rij (RH) 

is the relativistic Hamiltonian inside L given by (QMG), which describes the motion of 
the centers of mass of the clusters Ci , • • • ,Ck- 

Wc remark that (GP) may produce a bound state combining Ci, ■■■ ,Ck as to ^ oo 
therefore for all to, due to the gravitational potentials in the exponent. Note that this is 
not prohibited by our assumption that exp(— it^i^i)/ has to decompose into k clusters 
C\, - ■ • ,Ck, because the assumption is concerned with the original Hamiltonian Hl but 
not with the resultant Hamiltonian Hl. 

Extending our primitive assumption Axiom 6.1, which was valid for an example 
stated in subsection 1.3.1, we have arrived at a relativistic Hamiltonian Hl, which 
would describe approximately the intermediate process, under the assumption that the 
gravitation is weak and the velocities of the particles are small compared to c, by using 
the Lorentz transformation. We note that, since we started our argument from the 
asymptotic relation (P), which is concerned with the final stage of scattering processes, 
we could assume that the velocities of particles are almost steady relative to the observer 
in the correspondent classical expressions of the processes, therefore we could appeal to 
the Lorentz transformations when performing the change of coordinates in the relevant 
arguments. 

The final values of scattering amplitude should be calculated by using the Hamil- 
tonian Hl- Then they would explain actual observations. This is our prediction for 
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the observation of relativistic quantum-mechanical phenomena including the effects by 
gravity and quantum- mechanical forces. 

In the example discussed in subsection 1.3.1, this approach gives the same result as 
(RDC) in the approximation of the first order, showing the consistency of our spirit. 
This can be seen by a representation formula of the scattering matrix similar to (3.7) 
in [TKi] for the present Hamiltonian Hl = T -\- V — GmM/r with V = Ze^ jr and M 
being the mass of the scatterer: Define //=(£■ + m(?Y !<? - m^(? = c~'^E{E + 2m(?) 
for £■ > 0, and set 

{T^{E)f){uj) = c-V2(^ + mc2)//4(.F/)(v7^a;), / e C^{R'), 

where J-' is Fourier transformation, so that J-'o{E) decomposes T — c\/ D'^ + m'^c^ — mc^ 

and satisfies 

/ \\Mm\lHS-)dE = WfWl.^^sy 

Jo 

The scattering matrix S{E) is then given as follows, in Born approximation of the first 
order under the assumption that |Z|/137 -C 1, as in (3.7) of [I-Ki]: 

S{E) ^I- 2TTiTQ{E)VTQ{E)*, 

where is a modified Coulomb potential obtained from V — Ze^ /r in accordance with 
the long-range tail of V , and we omitted the gravitational potential in H^, since it is 
small compared to V . Then, calculating by using oscillatory integrals, we obtain the dif- 
ferential cross section \S{E, 9)\'^ equal to (RDC), if we replace the quantum-mechanical 
quantity T = by the corresponding classical quantity E' = cy^p"^ + m^c^ — mc^ ^ 
mv^ I — (v/c)^}, assuming that the speed v of the electron is small compared to c. 

We remark that our stand does not require the resultant Hamiltonian Hj^ to satisfy 
the Lorentz invariance or other kinds of invariance under transformations among coor- 
dinate systems, unlike the usual attempts require in constructing relativistic quantum 
theories. We have just given a procedure to predict what we actually observe, but 
did not propose a physical law. Usual attempts identify physics with observation, and 
require such kind of invariance of observation. We separate observation from physics, 
allowing asymmetry to observation, but with preserving two mutually incompatible in- 
var iances for physics: Galilei invariance for internal quantum mechanics and general 
relativistic invariance for external classical physics. This becomes possible by our posi- 
tion that relativity is concerned with the external world outside local systems, but not 
with the internal physics, which is ruled by quantum mechanics. In fact, we postulated 
relativity as concerned with the centers of mass of local systems in Axioms 4 and 5, 
and in Axioms 6.1 and 6.2 we clarified the role the relativity plays when observing the 
centers of mass. We refer the reader to [Ki-Fl] for further philosophical position of ours. 



24 



HITOSHI KITADA 



Part II. Examples 



In this Part II we consider two examples of human size and of cosmological size following 
the spirit of the previous Part, both of which involve the quantum-mechanical aspects 
and relativistic aspects simultaneously. 



II. 1. Scattering of one neutron in a uniform gravitational field 



Consider the experiment done by CoUela et al. [Co] of measuring the interference of 
one neutron. This experiment is described in some simplification as in the following 
Figure 1: 




O: Observer 



the height BD = L 



Figure 1 



A neutron beam emitted at S is split into two beams by an interferometer at A, and 
the two beams are recombined at point D by other interferometers or mirrors B and C. 
The height L of the line BD on the earth can be varied. The dependence on L of the 
relative phase difference is given as follows, according to the experiment of [Co], up to 
the error of about 1 %: 

h-^mgLT, 



where m is the mass of the neutron, g is the acceleration by gravity, and T is the 
(observed) time that the beams travel from C to D or A to B. This experiment shows 
that quantum mechanics and gravity play important roles simultaneously in the size of 
desktop environment. In fact, the lengths of the lines AB and BD are less than 10 cm 
in [Co]. 

This experiment can be explained in our context, if we see it as a 3-body scattering 
process of a neutron N by two mirrors B and C as in Figure 2. 
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C D 
/ O: Observer 



O N 

S A /b 

i 

EARTH 
Figure 2 

We denote the local system of the three bodies N, B, and C by L. Let the masses of 
mirrors B and C be M, the neutron mass be m, and assume < m ^ M. Let x, Xb 
and Xc denote the 3-dimensional coordinates of N, B and C. Then the Hamiltonian of 
this system L with h = 1 is 

Dl Dl 



~ X I B I C 

~ 2m 2M 2M 



where £.„ D, and Dc are the momentum operators = 1 (^, Jj). i^, 

and for N, B and C. To separate the center of mass, we introduce the two sets of 

Jacobi coordinates: 

x^^^ = x-Xc, 

mx + MXc (C'l) 



y 



m + M 



and 

x^^^ = x-Xb, 



(2) ^ mx + MXB (^2) 



m + M 



These choices of Jacobi coordinates {x^^\y'^^^) {j — 1,2) correspond to two cluster 
decompositions b^^^ = {C[^\C^^^) of L such that C[^^ = {N, C} and ^ = {B}, or 
Cf ^ = {N, B} and ^ = {C}. In either case, x^^'^ is the internal coordinate inside the 
cluster Cp-* , and y^^^ is the intercluster coordinate between two clusters C[-'^ and ■ 
Using these coordinates, we remove the center of mass of the system L. Then we 
obtain the Hamiltonian H which has the same form for both coordinates: 



^ ^ ^(1) ^ 7^(1) ^ ^(2) ^ 2.(2) 
2/1 ' 2iJ 



26 



HITOSHI KITADA 



Here Dx = j-g^ and Dff' — are momentum operators conjugate to x^^^ and 

yU) (^j = 1, 2), and /i, p are the reduced masses: 

Note that the operators Dx^ and d\^^ are mutuaUy independent, therefore H^^"^ com- 
mutes with T^^\ Thus the propagation of the 3-body system L is given by 

ex.p(-itH)f = exp(-ztT(^)) ex.p{-itH^^^)f, (E) 

where / = f{x^^\ ?/*■"''*) is the initial wave function at time t = 0, just after the neutron 
has been spht into two beams by the interferometer A. Here the time t is the local time 
determined by the Hamiltonian H or the correspondent local system L. 

x^^^ is the distance vector between N and C, or between N and B, and y^^^ is the 
distance vector between B and the center of mass of the system N+C, or between C 
and the center of mass of the system N+B. Therefore, as seen from the formula for y^^^ 
in (CI) or (C2), we may regard it as 

yW = XB-Xc or y^^^=Xc-XB, 

for M is larger enough than m. We can thus regard y^^^ as constant during the scattering 
process, hence f{x^^\ y*--'-') can be regarded as a function of x'^^'^ only. (Exactly speaking, 
f{x^^\y^^^) can be written as f{x^^^)F{y^^^) with F{y^^^) close to the delta function 
5±BC having support at y^^^ = Xb — Xq or y^^^ = Xc — Xb- But as we will see, the 
factor F{y^^^) does not play any essential role in our argument, and we can simply omit 
it from /(x(^),y(^)).) 

Namely f{x^^\ V^^^) can be regarded as the wave function of the neutron N, and is 
split into two wave packets fi{x^^^), f2{x^-^^) at time t = by the interferometer A: 

/ = /l + /2. 

/i is the wave packet moving to the direction from A to C, and /2 is the one from A to 
B. (E) can then be rewritten as follows: 

ex.p(-itH)f = exp(-ztT(^)) e^p(-itH^^^)fi + e^p{-itT^^^) exp{-itH^^^)f2. 

As remarked in the above, we can regard y^^^ = Xb — Xc or y^'^^ = Xc — Xb, therefore 
we may set T^^) = T^^) = ^i^^ j^a^g 

e^p{-itH)f = exp(-ztT){exp(-ztij(^))/i + exp{-itH^^^)f2}. (El) 

The description up to here is by the local time t determined by the local system L. 

H^^^ is the Hamiltonian of the local system consisting of N and C, and the center of 
mass of N and C is regarded, by m -C M, as located at C with the same height as the 
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observer. Hence, corresponding to (Time 1) in subsection 1.3.2, we can set in the first 
term exp(-ztiy(i))/i of (El): 

t = to. 

H^'^^ is the Hamiltonian consisting of N and B, and its center of mass is regarded as 
located at B by m <^ M. Therefore that local system has a lower gravitational potential 
in amount gL compared to the observer O, hence the local time t of the local system 
H^"^^ is related with the observer's time to as in (Time 2) of subsection 1.3.2: 

t = to^l-{2gL)/c'' ^ to{l - {gL)/^). 

Therefore 

exp{-itH^'^^)f2 ^ exp{-ito ■ H^'^^) exp{ito ■ {gL/c^)H^^^)f2. 

We note that we can regard H^^^ = iJ^^) hy H = H^^^ + T^^) = i^^^) + t(2) and 
2^(1) ^ ^"(2) ^ (Energy 2) of subsection 1.3.2, the internal energy H^^^ = 

H^"^^ of the system N+C or N+B is then approximated by a classical quantity jic? = 

For the first factor exp(— itT) on the right hand side of (El), the time t in the 
exponent is the local time of the local system L as in (Time 1) of subsection 1.3.2, 
because T = T^^^ is the total intercluster free energy T^(i) corresponding to the cluster 
decomposition 6*^-'^ of the local system L. Since the center of mass of the local system L 
is at the middle height between B and C, the time t in exp(— ztT) is thus related with 
to as follows: 

t = toVr^{9lW- 

From these, we have the following decomposition of the observed wave function for 
this 3-body system: 

exp{—itH)f exp{—ito^/l — {gL)/c^T) exp{—itomc^){fi + exp{ito ■ gLm)f2}. 
Setting 

hk{to) = exp(-ito\/l - {gL)/c^T) exp{-itomc'^)fk, {k = 1, 2) 
we then have 

exp{—itH) f hi{to) + exp(zto • gLm)h2{to)- 

Therefore at the time to of observation, there remains the desired phase difference, 

which explains the interference observed in [Co]. Note that T = T^^> = — ^ — does not 
play any essential role in this argument, therefore we did not replace it by a classical 
quantity. 



II.2. Bubble's law 
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Hubble's law is a phenomenon that appears when one observes the hght emitted from 
stars and galaxies far away from the earth. The emission of light itself is a quantum- 
mechanical phenomenon that could be explained by the nonrelativistic quantum field 
theory as in [Ki], Section ll-(2). The observation or reception of this emission of 
light on the earth is explained as a classical observation according to our postulate 
Axiom 6.2, by introducing Robertson- Walker metric. 

Robertson- Walker metric is the metric derived from the assumptions of homogeneity 
and isotropy of the large scale structure of the universe. We refer the reader to [M], 
Chap. 27 for the details, and we here only outline the argument. 

Under the hypotheses of homogeneity and isotropy, the metric is given in general as 
follows: 

ds^ = -{dxy + da^ = -{dx^f + a{x^f^ij{x^)dx'dx^, 

where is the time parameter that 'slices' the spacetime by means of a one parameter 
family of some spacelike surfaces, and {x^,x'^,x^) is the 'comoving, synchronous space 
coordinate system' for the universe, in the sense of [M], sections 27.3-27.4. a(x°) is the 
so-called "expansion factor" that describes the ratio of expansion of the universe in the 
usual context of general theory of relativity. A consideration by the use of homogeneity 
and isotropy yields ([M], section 27.6) that for some functions /(r) (r = \{x^ ,x'^ ,x^)\) 
and h{x^) 

ds" = -{dxy + e^^^^e^^^^^idx'f + {dxy + {dx^}. 

Assuming Einstein field equation G^^ — X5^^^ = kT^I and calculating, we get with re- 
placing e'*^^ ^ by a constant times e^^^ ^ 

ds^ = -{dxy + e'^^-") (^1 + /c^) ' {{dxy + {dxy + {dxyy, 

where k = —1, 0, or +1. This is called Robertson- Walker metric. Using the polar 
coordinates (r, 6', </?) and setting t = x^ and 

— = u, R{t) = roe'^(^)/^ 

one can rewrite ds^ as follows: 

ds"^ = -{dy + R{y (^1 + ^u^^ [du^ + u^{{def + {sined^f}]. 

Suppose A; = and consider a 3-dimensional sphere of radius ^ in a 4-dimensional 
Euclidean space 

A' = {yy + j2iy'f- 

k=l 

The metric on this sphere is 

da' = j^{dyy + {dyy. 
fe=i 
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This is rewritten by using the equation of the sphere in the above as follows: 

k=l I k=l ) \e=i / 

Set p2 = Y.l=i{y^?^ and define v by 

Using polar coordinates (p, 9, <f) instead of {y^, y^, y^), and rewriting p by the use of v, 
we have ^ 

da^ ^A^(^l + [{dvf +v^{{def + {smedifif}]. 

If we set A = R{t), and identify v as u, this formula coincides with the space part da"^ 
of the aforementioned Robertson- Walker metric ds^. 

In this sense, the space part slice t = constant of the spacetime can be regarded 
as a 3-dimensional sphere of radius R{t) in a 4-dimensional Euclidean space, hence 
R(t) — roe'^*-*-'/^ can be regarded as the radius of the universe and may expand as t 
grows. The cosmological redshift observed by Hubble [Hu] gives in this context that 
R{t) is growing at present (see section 29.2 of [M]), and this is interpreted as a proof of 
'expansion' of the universe. However, as we have seen, the 'expansion' is a consequence 
of the identification of R{t) in the Robertson- Walker metric ds'^ with the radius of a 
sphere in a virtual 4-dimensional Euclidean space. In this sense, the growth of R{t) 
in ds^ does not imply the expansion of the universe in any other senses than it is an 
'interpretation. ' 

The 'expansion' of this type does not contradict the stationary universe (p in quantum- 
mechanical sense specified in Axiom 1. The 'expansion' is an interpretation of the obser- 
vation with one observer's coordinate system fixed. The quantum-mechanical stationary 
universe </> is the inner structure of its own and is independent of the observer's coordi- 
nate system. In this sense, the 'expansion' is an 'appearance,' which the universe takes 
imder the 'interference' of the observer to try to reveal its morphology. More philosoph- 
ically stating, the past and the future do not exist unless one fixes a time coordinate. 
The 'Big Bang' is an imagination under the presumption that the time coordinate exists 
a priori. Unless it is observed with assuming the existence of a time coordinate, the 
universe can be a stationary state. 

Our theory is a refiection and a clarification of this supposition of the existence of 
time coordinate, adopted implicitly in almost all physical theories today. 

Example of the previous section is an experiment of human size, and the one in this 
section is an observation of cosmological size. These two examples together with the 
one in subsection 1.3.2 would indicate a unified treatment of physical phenomena from 
the microscopic size to the cosmological size. 



Part III. Open Problems 
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In this Part III we state some open problems related with our formulation of physics. 
Some of them are known problems, but do not seem to have been given solutions. We 
conclude with stating a final goal of our formulation. 

111.1. Stability of Matter 

As we have seen in Part I, the relativistic Hamiltonian considered by E. H. Lieb and 
others (see [Li] and the references therein) has reasonable grounds under the assumption 
that gravitation is weak. It has been thought that the non-invariance with respect to 
Lorentz transformation is its fault. However, according to our formulation, the non- 
invariance is not a fault but has natural foundations as a Hamiltonian which describes 
observational facts. 

It is therefore meaningful to research the related spectral and scattering theory for 
the relativistic Hamiltonian 

k 

Hl = Y1 (c-\/^| + ?Ti2c2 - rrijC^^ + Ib{xb, 0) - G rrumj/rij, (QMG) 

j=l ^<i<j<k 

which includes the electric potentials and gravitational potentials simultaneously. 

The first problem to be treated in this field is the problem of the stability of matter. It 
is known certain facts about this problem unless the electric potentials and gravitational 
ones are present simultaneously: If gravitation is absent and is of the form 

k 

lb — —e'^'^^z\xj — R\~^ + e'^ \xi — Xj\~^, 

j=i i<j<j<fc 

where R is the position of the nucleus with z number of protons, it is known that the 
stability of the first kind is equivalent to the stability of the second kind, and that 
atoms are stable when z < 87. If electric potentials are absent, it is shown ([Li-Ya]) 
that Thomas-Fermi theory is asymptotically exact for fermions. However, nothing seems 
known for the case which includes both of the electric potentials and gravitational ones 
as Lieb [Li] writes. The research to include both of electric and gravitational potentials 
would lead us to a deeper understanding of the nature of matter, since any matter 
includes both kinds of internal forces. E.g., the stability and instability of stars with 
large number of particles would be understood in a more satisfactory manner than in 
the present understanding. 

111.2. Scattering Theory 

The second problem to be considered would be the scattering theory for the Hamiltonian 
in the formula (QMG). This Hamiltonian has the potentials which are of Coulomb type, 
therefore, of critical singularity with respect to the free part: 

k 
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Hence the problem of self-adjointness arises in the first place, and this is closely related 
with the problem of stability proposed in the previous section. The point is to what 
extent the free part Hlq and the positive part of the sum of the potentials suppress 
the bad behavior of the negative parts. The gravitational potentials are quite small 
compared to the electric part and is negligible in the usual human size. But in the size 
of stars they cannot be neglected, and we have to develop some method which is able 
to treat the electric and gravitational parts at a time. This is the first problem which 
we should research in the scattering theory for (QMG). 

If some conditions are established for the self-adjointness of (QMG), we should go on 
to the scattering phenomena governed by the Hamiltonian (QMG). This would give us 
an image about the phenomena which would be observed when the gravity and electrical 
forces are present simultaneously. 

At first glance, it looks as if there were a problem in our formulation in the point 
that the approximate relativistic Hamiltonian (QMG) would lose the self-adjointness 
and stability when the number of particles becomes large. This should, however, be 
taken as an evidence of the success of our formulation to include gravity. The fact that 
the universe does not seem to be subject to Boltzmann's heat death, but it, which is 
in the usual physical context supposed to have been in an equilibrium originally, could 
develop hot stars, is owing to the instability of gravitation. Our Hamiltonian (QMG) 
explains this fact so that our inclusion of gravity into (QMG) would be a reasonable 
one to that extent. 

The final problem in this direction is to find a full general relativistic Hamiltonian, 

which explains the observation without assuming that the gravitation is weak. This 
seems difficult seeing the present stage of the theory, but we hope that this end would 
be accomplished in the future. 
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